ABSTRACT. A general method to express in terms of Gauss sums the number of rational points of subschemes of projective schemes over finite fields is applied to the image of the triple embedding P 1 → P 3 . As a consequence, we obtain a non-trivial description of the value of a Kloosterman-sum-like exponential sum.
INTRODUCTION.
Based on a calculation concerning the diagonal hypersurfaces and Jacobi sums, André Weil [We] observed that the number of rational points of algebraic varieties over finite fields is a highly geometric information. His celebrated Weil conjecture is eventually proved by Pierre Deligne [Deli] with Grothendieck's theory of étale cohomology.
Another, and the first, proof by Bernard Dwork [Dw] of the rationality of zeta function, a part of Weil conjecture, more directly concerns exponential sums. In the very beginning of his proof, he reduces the rationality of the zeta function of algebraic varieties to that of hypersurfaces of (G m ) n , and writes the number of rational points of the hypersurface by using exponential sums.
Besides general theories, expressing the number of rational points using exponential sums has proved to be effective also in studying concrete projective hypersurfaces; the study of Dwork families, for example by Neal Koblitz [K] , is one of the most outstanding success of this strategy. It seems therefore natural to expect the efficacy of this tactic in studying projective varieties of higher codimension. This point of view, however, does not seem to be taken note of enough.
In the former half of this article, we explain the general method for obtaining a formula for the number of rational points of projective varieties in terms of Gauss sums. Then, in the latter half, we apply the method to get an expression for the number of rational points of the image V of the triple embedding P 1 → P 3 . Equating the result with the obvious equation #V (F q ) = q + 1, we get a non-trivial equation on an exponential sum (Corollary 1); t 1 ,t 2 ,t 3 ∈F × q θ t 1 + t 2 + t 3 − t
where θ denotes a non-trivial character on F q . This result is also viewed as a description of the Frobenius trace on a pull-back of an Artin-Schreier sheaf by an appropriate morphism (G m ) 3 → A 1 . In the last section, we work on another subscheme of projective spaces, the image of the Segre embedding P 1 × P 2 → P 5 , to see that the character sum L above again appears in this calculation.
The authors expect that the content of this article can help the future study of the following two objects. The first is the zeta function of concrete varieties; the method described in this article is expected to make it possible to compute zeta function of possibly non-rational varieties of higher codimension in projective spaces. The second is the Kloosterman-sum-like exponential sums; an explicit calculation of them may be possible by reducing the problem to finding a variety the number of whose rational points is expressed by using the exponential sum but is already known in some other methods.
CONVENTIONS AND NOTATIONS.
Throughout this article, we fix a prime number p, a power q of p, and a prime number l different from p.
The n-dimensional projective space P
denoted by P n (resp. A n ), and similarly, the torus G m,
Unless otherwise stated, the term "rational point" refers to "F q -rational point".
The group of multiplicative characters
The trivial character is denoted by ǫ. Each character χ ∈ F × q , possibly trivial one, is also regarded as a function on F q by putting χ(0) = 0.
Finally, we fix a non-trivial additive character θ : F q → Q × l throughout this article.
PRELIMINARIES ON GAUSS SUM.
In this section, we briefly recall the definition and some basic properties of Gauss sums used in this article. Note that we have fixed a non-trivial additive character θ :
q , the Gauss sum of χ is defined to be
Although the Gauss sum depends on the choice of θ, we usually denote it simply by G(χ).
The following two equations on characters are fundamental in doing calculations involving Gauss sums. LEMMA 1.-The following equations hold.
Now, we list two basic facts on Gauss sums.
The detailed proofs for these propositions are omitted; they are straightforward by using Lemma 1 (i) for Proposition 1, and by using Lemma 1 (ii) for Proposition 2.
2. COMPUTING THE NUMBER OF RATIONAL POINTS -GENERAL STRATEGY.
In this section, we describe, in a general setting, a strategy to express the number of rational points of subschemes of projective spaces over F q in terms of Gauss sums. The first crucial point is the following reduction process to hypersurfaces; this process is taken in the proof [Dw, Theorem 1] of rationality of zeta functions, and is now also used in algorithmic theory of zeta functions [Wa, 3] . OBSERVATION 1.-We obtain a formula for the number of rational points of a closed subscheme of a projective space if we obtain a formula for the number of rational points of some appropriate hypersurfaces.
In fact, let V be a projective variety of which we want a formula for the number of rational points. Take a closed immersion of V in a projective space P n , and let the image be defined by m homogeneous polynomials f 1 , . . . , f m . For each choice of integers 1
Then, since
it suffices to obtain a formula for each N i 1 ,...,i r , which is exactly the number of rational points of the hypersurface defined by the product
REMARK 1.-A formula for rational points of not necessarily closed subschemes of projective spaces is also obtained because such a subscheme is the difference of two closed subschemes.
For obtaining a formula for the number of rational points of a hypersurface of P n , it suffices to count the number of rational points of the hypersurface of A n+1 defined by the same polynomials. Moreover, the problem reduces to obatining a formula for
because the locus with at least one coordinates being zero is covered by hypersurfaces of lower-dimensional affine plane. REMARK 2.-When dealing with specific projective varieties V ⊂ P n (or equivalently, specific homogeneous polynomials f 1 , . . . , f m ), it is often easier to compute firstly the number
directly, and to compute secondly, for each choice 1 ≤ i 1 < · · · < i r ≤ m, the number
which is 1/(q − 1) times the number of rational points of the hypersurface of (G m ) n+1 defined by the product f i 1 f i 2 . . . f i r . Our calculations in Sections 3 and 4 also go in this manner.
We conclude this section by giving a formula for the number of F q -rational points of an arbitrary hypersurface of (G m ) n in terms of Gauss sums. Although the formula and its variations can be found in many literatures, we include the proof for the sake of the completeness of the article.
Let us introduce a convention which we need to state the formula. Let M = (m i j ) i,j be an n × N matrix with coefficients in Z. Then, M naturally defines the group homo-
PROPOSITION 3 ( [Dels, FG] 
Then, the number of n-tuples
Proof. Lemma 1 (i) shows that
thus it suffices to calculate the left-hand side and divide the result by q. Because θ(0) = 1 and because θ transforms addition to multiplication, the left-hand side equals
. Now, Proposition 2 shows that the second term equals
and by using the multiplicativity of characters, we know that it equals
Because of Lemma 1 (ii), each summand with respect to the outer sum vanishes unless χ 
THE IMAGE OF TRIPLE EMBEDDING
In this section, we compute the number of rational points of P 1 by identifying it as the image V of triple embedding P 1 → P 3 and by following the strategy in the previous section. Later, we compare the result with the obvious answer #P 1 (F q 
The variety V is defined in P 3 = Proj F q [x 1 , x 2 , x 3 , x 4 ] by the following three polynomials:
We follow the notation in Remark 2; in particular, we have (3.1) #V (F q 
Firstly, we directly compute the number N 0 . In our case, we easily see that thus N 0 = 2. Secondly, we compute the number
for i ∈ {1, 2, 3}. Although we could employ Proposition 3, a direct calculation is easy in this case. Namely, if i = 1, we may assume x 4 = 1, and after a free choice of x 2 , x 3 ∈ F × q , the remaining x 1 ∈ F × q is uniquely determined; thus we get N × 1 = (q − 1) 2 . By a similar argument, we see that
Thirdly, we compute the number
Proposition 3 shows that (3.2)
where
Since an elementary linear algebra with coefficient in Z/(q −1)Z shows that Ker ϕ(
With the aid of Proposition 1, we get (after dividing both sides by q − 1)
Similarly, since 
In fact, we may directly show that Ker ϕ( R 12 ) = Ker ϕ( R 13 ), and therefore we have N This time, we cannot simplify the sum in the second term of (3.4) as we did in (3.3). Instead, we rewrite this sum by using a more simple character sum. By the definition of Gauss sums, the sum in the second term in (3.4) equals 
Applying Lemma 1 (ii), this equals
and therefore, we get the equation
Now, we summarize the calculation and we get the result.
Then, #V (F q ) = −2q
Proof. Substituting the results above in the equation (3.1), we get
As a corollary, we obtain an explicit description of the exponential sum L.
Proof. Since #V (F q 
Solving it gives the corollary.
This corollary can be viewed as an explicit description of the trace function of a rankone l-adic sheaf.
and denote the Artin-Schreier sheaf on A 1 associated to θ by L θ . Then, the equation
holds.
Proof. The left-hand side equals L by the Grothendieck trace formula [SGA5, III B 1.3] . ǫ, ǫ, ǫ) . In other words, let Hyp θ (χ 1 , χ 2 , χ 3 ) denote the l-adic GKZ hypergeometric sheaf associated to the matrix A with parameters χ 1 , χ 2 , χ 3 ∈ F × q ; this is a mixed perverse sheaf on A 6 of weights ≤ 9 [F, Theorem 0.3 (i) ]. Then, setting x = (1, 1, 1, −1, −1, −1) ∈ A 6 and taking arbitrary geometric point x lying above x, we have
In this section, we give another example of counting rational points, the image V of the Segre embedding P 1 ×P 2 → P 5 , and show that the character sum L defined in Theorem 1 again appears in the calculation. The variety V is defined in P 5 = Proj F q [x 1 , x 2 , . . . , x 6 ] by the following three polynomials:
We again work under the notations in Remark 2. This time, the symmetry shows that N #V (F q 
Firstly, we compute N 0 . Although we may again describe all points in V 0 (or may, at the beginning, proceed not along Remark 2 but along the original Observation 1), it here seems easier to identify V as P 1 × P 2 . For a subscheme W of P n , let W 0 denote the set of rational points of W at least one of whose components is zero; therefore N 0 = #V 0 under this notation. The identification V = P 1 × P 2 gives
and it is easy to see that #(P 1 ) 0 = 2 and #(P 2 ) 0 = 3q. Now, we see that Thirdly, we compute the number N
Proposition 3 shows that
where 
Finally, we compute the number N Let us summarize the calculations above; substituting the results in (4.1), we see that #V (F q ) = −2q 4 + 10q 3 − 12q 2 + 10q + {(q − 1) 3 + 1}L/q. This equation and Corollary 1 give #V (F q ) = q 3 + 2q 2 + 2q + 1 = (q + 1)(q 2 + q + 1), which coincides with #(P 1 × P 2 )(F q ).
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